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Abstract

The realization of classification tasks using deep learning is a primary
goal of artificial intelligence; however, its possible universal behavior
remains unexplored. Herein, we demonstrate a scaling behavior for the
test error, ¢, as a function of the number of classified labels, K. For trained
utmost deep architectures on CIFAR-100 ¢(K) « K? with p ~ 1, and in
case of reduced deep architectures, p continuously decreases until a
crossover to €(K) « log(K) is observed for shallow architectures. A
similar crossover is observed for shallow architectures, where the
number of filters in the convolutional layers is proportionally increased.
This unified the scaling behavior of deep and shallow architectures,
which yields a reduced latency method. The dependence of Ae/AK on the
trained architecture is expected to be crucial in learning scenarios

involving dynamic number of labels.
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1. Introduction

Deep learning is a key development tool for the advancement of technologies
and in experimental and theoretical research fields[1, 2]. A typical supervised
learning task involves the classification of input objects into multiple labels. This
is realized using deep architectures[2, 3] comprising hundreds of convolutional
layers (CLs)[4, 5], each of which comprises of tens or hundreds of filters
followed by several fully connected (FC) layers. The output layer comprises
several output units, each representing a distinct label that characterizes a
subset of the inputs.

Several deep architectures have been examined, differing in many aspects,
including the number of learning parameters, learning time, training and test
latency, and test accuracy. The results suggest several qualitative trends, such
that for a given classification, the task accuracy is enhanced with deeper
architectures simultaneously with an increase in the learning process
complexity, the number of tunable parameters and test latency. Despite the
widespread use of deep learning architectures, the quantitative trends that
characterize their behavior remain largely unexplored, except for instance, the
power law decay of the test error as a function of the training dataset size[6-9].
This power law was found to govern several shallow architectures; however,
the interplay between the features of the architecture and the power-law
exponent remains unknown. The possible existence of a universal scaling
behavior that governs both the deep and shallow learning architectures lies at
the core of this study and is a prerequisite for the establishment of a theoretical
quantitative foundation for deep and shallow learning.

In this work, we demonstrate that for a given architecture trained on CIFAR-
100[10], the test error € as a function of the K classified labels, representing by
the output units, follows a power law

e(K) = KP (1).
The exponent p for the utmost deep architecture is 1, which continuously
decreases for reduced deep architectures until a crossover to a logarithmic

scaling
€(K) =log(K) (2)



is observed for shallow architectures. A similar crossover from the power law
to logarithmic scaling (Egs. (1)-(2)), is observed for shallow architectures,
where the number of filters in the CLs decreases proportionally. This similarity

unifies the scaling behaviors of deep and shallow architectures.

2. Materials and methods
2.1. Architectures and Datasets

Several different architectures were examined; Tree-3[11], LeNet-5[12], VGG-
6[13], VGG-16[13], EfficientNet-BO and EfficientNet-B3[14]. All architectures
were trained to classify CIFAR-100[10], and CIFAR-K/100[15, 16] where K is
the selected number of labels trained. The selected K values are
20,40, 60,80,and 100, and to reduce fluctuations in the measured accuracies
each group of K labels contains the selected K — 20 labels, and consists of the

same number of subclasses from each one of the 20 super-classes.
2.2. Data preprocessing

Each input pixel of an image (32 x 32) from the CIFAR-K/100 databases was
divided by the maximal pixel value, 255, multiplied by 2, and subtracted by 1,
such that its range was [—1,1]. During the training phase, data augmentation
was used, derived from the original images, by random horizontally flipping and
translating up to two pixels for Tree-3 and up to four pixels in each direction for
and LeNet-5, VGG-6 and VGG-16.

For EfficientNet-B0, the images were normalized by subtracting the average
value of each color and dividing by its standard deviation. The images were
also expanded from their initial size of (32 x 32)to (224 x 224)[17]. Data
augmentation was also used during the training phase, which included a
random horizontal flip, a random rotation of up to two degrees, a random
translation of the image of up to four pixels in each direction and a shear of up

to two degrees.

2.3. Optimization



The cross-entropy cost function was selected for the classification task and was
minimized using the stochastic gradient descent algorithm[18]. The maximal
accuracy was determined by searching through the hyper-parameters (see
below). Cross-validation was confirmed using several validation databases,
each consisting a fifth of the training set examples, randomly selected. The

Nesterov momentum[19] and L2 regularization method[20] were applied.
2.4. Hyper-parameters

The hyper-parameters n (learning rate), y (momentum constant[19]), and a
(regularization L2[20]) were optimized for offline learning, using a mini-batch
size of 100 inputs. The learning rate decay schedule[21] was also optimized. A
linear scheduler was used such that it was multiplied by the decay factor, q,
every At epochs, and is denoted below as (g, At). Different hyper-parameters

were used for each one of the architectures on each classification task.

2.4.1. The hyper-parameters for the data presented in Fig. 1

LeNet-5 (d = 6) was trained using the following hyper-parameters to reach

maximal accuracies on CIFAR-K/100:

LeNet-5 on CIFAR-K/100
n 1l a epochs
0.028 0.92 9.5e-4 300

Table 1. LeNet-5 hyper-parameters.

The decay schedule for the learning rate is:

_ ((0.8,10) epoch < 120
(q.40) = {(0.7,10) epoch > 120

VGG-6 (d = 64) was trained using the following hyper-parameters to reach

maximal accuracies on CIFAR-K/100:



VGG-6
K Layer M il a epochs
20/40/60/80/100 CLs 2.2e-3 0.976 3.74e-3 280
FC 1e-3 0.975 4e-3 280

Table 2. VGG-6 hyper-parameters.
The decay schedule for the learning rate is:
For convolutional layers (CLs):

(0.65,20) epoch < 160

(q.40 = {(0.55,20) epoch > 160

For fully-connected layers (FCs):

(0.65,20) epoch < 160

(9,40 = {(065,20) epoch = 160

VGG-16 (d = 64) was trained using the following hyper-parameters to reach

maximal accuracies on CIFAR-K/100:

VGG-16
K n n a epochs
20 0.004 0.965 3e-3 300
40/60/80/100 0.002 0.975 4e-3 300

Table 3. VGG-16 hyper-parameters.
The decay schedule for the learning rate is:
(g, At) = (0.65, 20)

EfficientNet-BO and EfficientNet-B3 were trained on CIFAR-K/100 datasets

using transfer learning[22] on the pre-trained EfficientNet architectures on




ImageNet dataset. The transfer learning was done using the following hyper-

parameters and learning rate scheduler:

EfficientNet-B0/B3
CIFAR-K/100
M 1 a epochs
0.01 0.9 0.001 200

Table 4. Hyper-parameters for EfficientNet architectures.
The decay schedule for the learning rate is:
(q,At) = (0.975,1)

For the first seven stages, the learning rate n was multiplied by a factor 0.1, and

for the last stages by 0.2.

2.4.2. The hyper-parameters for the data presented in Fig. 2

LeNet-5, d=240 on CIFAR-K/100
K n 1 a epochs
20/40 0.005 0.92 5e-3 300
60 0.007 0.92 3e-3 300
80/100 0.005 0.92 2e-3 300

Table 5. LeNet-5 with d = 240 hyper-parameters. The decay schedule for the

learning rate is:

(0.8,10)

_ epoch < 120
(q.40 = {(0.7,10)

epoch > 120



VGG-6, d=4

K Layer M il a epochs
20 CLs 0.008 0.97 4e-3 300
FC 0.001 0.975 4e-3
40 CLs 0.006 0.972 4e-3 300
FC 0.001 0.975 4e-3
60 CLs 0.002 0.976 3.75e-3 300
FC 0.001 0.975 4e-3
80 CLs 0.002 0.976 3.75e-3 300
FC 0.001 0.975 4e-3
100 CLs 0.004 0.975 4e-3 300
FC 0.001 0.975 4e-3
VGG-6, d=8
K layer n il a epochs

20 CLs 0.002 0.976 3.75e-3 280
FC 0.001 0.975 4e-3

40 CLs 0.002 0.976 3.75e-3 280
FC 0.001 0.975 4e-3

60 CLs 0.002 0.976 3.75e-3 280
FC 0.001 0.975 4e-3

80 CLs 0.002 0.976 3.75e-3 280
FC 0.001 0.975 4e-3

100 CLs 0.002 0.976 3.75e-3 280
FC 0.001 0.975 4e-3

VGG-6, d=160
K layer M il a epochs

20 CLs 0.008 0.97 4e-3 300
FC 0.004 0.975 1.5e-3

40 CLs 0.008 0.97 4e-3 300
FC 0.004 0.975 1.5e-3

60 CLs 0.0022 0.976 4e-3 300
FC 0.004 0.975 1.5e-3




80 CLs 0.0022 0.976 4e-3 300
FC 0.004 0.975 1.5e-3
100 ClLs 0.0022 0.976 4e-3 300

Table 6. VGG-6 with different d hyper-parameters.The decay schedule for the

learning rate is:
For CLs layers:

(0.65,20) epoch < 160

(9,40 = {(0.55,20) epoch = 160

For FCs layers:

(q, At) = (0.65,20)

VGG-16, d=4
K M 1l a epochs
20/40/60/80 0.008 0.975 4e-3 300
100 0.003 0.975 4e-3 350

Table 7. VGG-16 with d = 4 hyper-parameters.
The decay schedule for the learning rate is:
For K = 20/40/60/80:

(0.65,20) epoch < 200

(9,40 = {(0.6,20) 200 < epoch

For K = 100:

(0.65,20) 200 < epoch < 300

(0.67,20) 0 < epoch < 200
(q,At) =
(0.6,20) 300 < epoch < 350




VGG-16, d=16

M 1 a epochs
0.002 0.975 4e-3 300

Table 8. VGG-16 with d = 16 hyper-parameters.
The decay schedule for the learning rate is:
(g, At) = (0.65, 20)

2.4.3. The hyper-parameters for the data presented in Fig. 3

Tree-3 d=6 (M=16) on CIFAR-K/100
n 1 a epochs
0.07 0.96 5e-5 300

Table 9. Tree-3 with d = 6 hyper-parameters.
The decay schedule for the learning rate is:

(g, At) = (0.6,20)
2.5. Hardware and software

We used Google Colab Pro and its available GPUs. We used Pytorch for all the
programming processes. The power law and the logarithmic fits were obtained
using the standard regression method supported by Microsoft Excel and
Python.

3. Results
3.1. Scaling in deep learning architectures

The first architectures examined are EfficientNet-B0 and EfficientNet-B3 which
comprised approximately 180 and 320 layers, respectively, organized in 9
blocks[23]. It was trained on the CIFAR-100 dataset[10] comprising 20 super-



classes, each of which is composed of 5 subclasses, that is, K = 100 labels in
total. The selected K values are 20,40,60,80,and 100, and to reduce
fluctuations in the measured e, each group of K labels contains the selected
K — 20 labels[24]. The results indicate a linear scale, e(K) « K with small pre-
factors, ~ 0.001 (Fig. 1(a)), hence € almost vanishes when extrapolated to a
small K, as expected.

The second examined case is the standard VGG-16[13] with d = 64 filters in
the first CL, representing a reduced deep architecture compared with
EfficientNet-B0. The error rate follows a power law, e(K) «< KP where p ~ 0.65
and with a small pre-factor 0.012, as expected, for almost vanishing e for small
K (Fig. 1(b)). Similarly, for VGG-6[13] with d = 64, p is further slightly reduced
to 0.62. Here, the pre-factor is slightly enhanced to 0.016 as ¢ of VGG-6 is
expected to be higher than for VGG-16 (Fig. 1(c)).

For LeNet-5[25] a crossover to a logarithmic scale is observed (Fig. 1(d)),
where € vanishes at K ~ 3.5. Here, €(K) could also fit to a power law with p ~
0.25; however, the pre-factor is ~ 0.16, indicting a large € even for K = 1, which
is unreasonable.

The improved accuracy of the trained architecture when the number of trained
labels is reduced from K to K; = K — 20 can be deduced from the following
three measured quantities (Table 10). The third column in Table 10, T(K;|K) A
F(K,|K;), denotes the number of correctly classified test inputs belonging to the
K; labels for the architecture trained with K labels, which are incorrectly
classified on this architecture trained with K; labels. This type of inputs
decreases the accuracy of the trained network with K, labels compared with K.
The fourth column, F(K;|K) AT(K;|K;), denotes the number of incorrectly
classified test inputs belonging to the K; labels for the architecture trained with
K labels, which are incorrectly classified on this architecture trained with K;
labels. For a given K, the numbers of events in the third and fourth columns are
relatively similar; hence, their effect on the enhanced accuracy with K, labels is
minimal. The primary contribution to the enhanced accuracy while reducing the
number of labels from K to K; is owing to the events belonging to the fifth
column, F((Ky,K]|K) AT(K;|K;). The term F((K;,K]|K) denotes events such

that, for K trained labels, an input with a label in the range [1,K;] selects an



incorrect output label belonging to (K;, K], whereas with K; trained labels they
are correctly classified, T(K,|K;). Based on simulation results presented in

Table 10, one can verify the following inequality
F((K1, K]IK) AT (Kq|Ky) > |T(K, 1K) AF(Ky |Kq) — F(KGIK) AT(Kq KD | (3).

For EfficientNet-BO, zeroing the FC weights to the (K;, K] output labels, for a
network trained on K labels, results in approximately 80% correct classification
of such inputs, F((Ky,K]|K). This indicates that the top-2 output labels are
correctly classified with high probability, even without retraining the network
with a smaller number of labels, K;.

For the LeNet-5 case (Table 10(c)), the fifth column, F((K;, K]|K) A T(K;|K;),
is a constant almost independent of K, and the third and the fourth columns are

approximately identical. Hence, the difference in the test error is expressed as:
const

K - 100 )

where K - 100 denotes the dataset test size for CIFAR-100 with K labels. After

EK=EK1+

rescalingn = ZK—O one finds that

_ const 5
=1t TG0 00) O
where n = 1,2, ..., 5. This recursion relation yields
n
. const 1 6
‘=Gt lr ©
k=2
which can be approximated by
€, =A-logln) +B (7)

where 4 and B are constants, and its form supports the logarithmic scaling
behavior (Fig. 1(d)).
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Fig. 1. Scaling for the error rate, €, as a function of the number of classified
labels, K, for CIFAR-100. (a) EfficientNet-BO (blue) and EfficientNet-B3
(orange) with power law fits on a log-log plot (dashed lines). (b) VGG-16 with
d = 64 and the power law fit on a log-log plot (dashed blue line). (c) Similar to
panel (b) VGG-6. (d) LeNet-5 with d = 6 and the logarithmic fit on a semi-log
plot (dashed blue line).



(a)

EfficientNet-BO
K | Ky | T(K{|K)AF(K;|Ky) | F(K(|K)AT(K 1K) | F((Ky, KI|K) AT(Kq|Ky)
40 20 12 5 68
60 40 49 26 97
80 60 90 76 160
100 80 136 102 149
(b)
VGG-16,d = 64
K | Ky | T(K;|K)AF(K;|Ky) | F(K(|K)AT(K;|K) | F((Ky, KI|K) AT(Kq|Ky)
40 20 56 38 101
60 40 163 136 168
80 60 284 244 235
100 80 444 410 219
(c)
LeNet-5,d = 6
K Ky | T(K{|K)AF(Ky|Ky) | F(K(|K) AT(Kq|Ky) F((Kvi]lK)AT(KllKl)
40 20 137 90 225
60 40 323 310 288
80 60 585 410 294
100 80 631 633 254

Table 10. Three measured quantities while reducing the trained network from
K to K, =K-20 T(K,|K)/F (K1|K) the
correct/incorrect test outputs among the K; labels, for the trained network on K
T(Ky1|K1)/F (K1 1K) the

correct/incorrect outputs for the trained network on K, labels, respectively.

output labels. represents

labels, respectively.  Similarly, represents
F((Ky, K]|K) denotes the input events with labels in the range [1, K;] selecting
incorrect output labels belonging to (K3, K]. (a) EfficientNet-B0, (b) VGG-16 with

d = 64, and (c) LeNet-5 with d = 6.

3.2. Scaling in shallow learning architectures

Recent work has indicated that shallow architectures can achieve accuracies
similar to those of deep architectures by using an increasing number of filters,
d, in the first CL, and accordingly in the entire CLs[7, 26]. This similarity



between wide shallow and narrow deep architectures[26] is extended to the
scaling behavior of e(K). A crossover is observed from a logarithmic scaling of
e(K) for Lenet-5 with d = 6 to a power law with p~0.54 for d = 240 (Fig. 2(a)).
A similar trend was obtained for VGG-16 where for d = 4, 16,64, p increases
to 0.46,0.56,0.66, respectively (Fig. 2(b)). Quantitatively, p and € of LeNet-5
with d = 240 is very similar to that of VGG-16 with d = 16. This demonstrates
an example of the equivalence between wide shallow and narrow deep
architectures (Fig. 2(c)). Similarly, VGG-6 with d = 160 and VGG-16 with d =
64 yield the same p and € (Fig. 2(d)). These results demonstrate a reduced

latency method using wide shallow architectures while maintaining .
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Fig. 2. Crossover of the €(K) scaling while increasing d . (a) LeNet-5 with d =
6 (orange) and d = 240 (blue) and their logarithmic and power law fits (dashed
lines). (b) VGG-16 with d = 4 (blue), 16 (orange), 64 (green) and their power law

fits on a log-log scale (dashed lines) (c) Similar to panel (b), LeNet-5 with d =



240 (orange) and VGG-16 with d = 16 (blue). (d) Similar to panel (b), VGG-6
with d = 160 (orange) and VGG-16 with d = 64 (blue).

The accuracy achieved by LeNet-5 on CIFAR-10[10] was recently imitated
using a Tree-3 architecture comprising only of three layers, where each weight
was connected to an output unit via a single route[27]. The equivalence
between the LeNet-5 and Tree-3 architectures is extended to CIFAR-100,
where the accuracy of both architectures is approximately 0.44 (Fig. 3).
Moreover, €(K) for both architectures follows a logarithmic scale with almost an
identical form (Fig. 3). The results may indicate that different shallow

architectures with the same € for a given K have also a similar e(K).
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Fig. 3. Semi-log scale of €(K) for LeNet-5 with d = 6 (blue) and the Tree-3
architecture[27] with M = 16 (orange) and their logarithmic scale fits (dashed

lines).

4. Conclusions

Power law scaling is a central universal feature characterizing critical physical
phenomena[28-33] and, in particular, second-order phase transitions[34, 35].

This study demonstrated its applicability to deep learning, where the test error



for a given architecture decayed according to a power law with a decreasing
number of classified labels (Fig. 1). The power law exponent, p (Eq. (1)),
decreased as the architecture became less deep. Finally, a crossover to a
logarithmic scaling, that is, p - 0, was observed for shallow architectures,
which was supported by a theoretical argument (Egs. (3)—(7)). A similar power-
law behavior was observed for several examined shallow architectures with a
tunable number of filters d in the first CL, and accordingly in all CLs (Figs. 2
and 3). The similarity between wide shallow and narrow deep architectures was
explicitly quantitatively demonstrated. Further, it was extended to the scaling
behavior of e(K).

The results of this study have several useful applications, including the
following. First, the result that a relatively shallow but wide architecture can
achieve the same €(K) as a narrow deep architecture (Fig. 2(c)-(d)),
significantly decreases the latency for an output decision on a test input.
Currently, reducing latency is a crucial goal in the implementation of artificial
intelligence[7, 24, 36, 37]. However, the extension of shallow architectures to
numerous filters d, results in a significant slowdown of training and test
procedures. Thus, its efficient utilization requires a new type of graphical
processing units. Second, the results obtained are valuable in common realities
of the dynamic number of output labels; for instance, new species are
dynamically added or subtracted from the classification task. In such

realizations, a prior knowledge, before retraining, of the expected change in test

error rates, 2—;, is a valuable information. The results indicated that for shallow
architectures, i—f(oc% decayed with K and was maximal for a very deep
architecture, 2—; = const, (Fig. 1). Apparently, the addition or subtraction of a

. . . A
label is favored in shallow architectures. However, ¢ and ﬁ of deep

architectures (Fig. 1(a)) were significantly lower than for shallow architectures
(Fig. 1(d)), as their scaling pre-factor was considerably smaller.

Results are presented for CIFAR-100 database only, nevertheless
preliminary results indicate similar trends for Sports-100 dataset[38, 39]
consisting of 100 labels. A crossover from a power law behavior (Eq. (1)) for
VGG-16 to a logarithmic scale for LeNet-5 is observed. In addition, for EMNIST



dataset[40] consisting of 47 labels and only 50 training examples per label, p
decreases from ~ 1 for VGG-16 to ~0.5 for LeNet-5. The lack of logarithmic
behavior, even for a single fully connected network, is attributed to the simplicity
of the dataset consisting of gray scale centered images.

The results may suggest that two architectures demonstrating the same ¢ for
a given K will have the same quantitative form of e(K) (Fig. 3). A quantitative
exploration of this claim necessitates an extension of the presented work to
other datasets, particularly datasets comprising numerous labels covering
several power law decades. However, this mission is currently challenging for
several reasons. The selected AK for measuring Ae must be sufficiently large
to neglect fluctuations as a function of the selected subset, K, of labels.
Consequently, the power law scaling of e(K) was not extended to K < 10 (Figs.
1-3). In addition, an extension to datasets comprising K > 100 labels, for
example, ImageNet[41, 42], requires the same number of input examples and
accuracy for each label, which is currently difficult to realize. Another possible
extension of the presented work is to other types of shallow architectures such
as Boltzmann machine[43-46].

Finally, an interesting theoretical question is the establishment of lower and
upper bounds for 2—;. It may be possible that e(K) « log(log(K)) will be obtained
for the shallowest architecture without hidden layers, and an open question is

the reality of a deep architecture where % increases with K.
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